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ABSTRACT:Ordinary differential equations play
an important role in the study of basic
mathematics. In solving this kind of equations,
constant variation method is one of the most
commonly used methods. In this paper, the
expansion of constant variation method in solving
several kinds of high-order differential equations
is summarized, and specific application examples
are given to help the learners study ordinary
differential course.
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I.  INTRODUCTION

Equation is an important part of mathematics.
In the previous study of equations, we know that
equations are connected by known numbers and
unknown numbers 131 | In some practical
problems, establishing equations can simplify the
problem and make the research more convenient.
However, with the deepening of study, we found
that when studying some physical models, we
need to use quantities that can accurately reflect
the motion law of objects, and these quantities are
usually expressed as the derivatives of some
quantities in mathematics. After the mathematical
equations of these physical models are
constructed, the equations need to be solved.
When solving such equations, constant variation
method is one of the most commonly used
methods 451, Therefore, it is necessary to study
the solution of ordinary differential equations by
Constant variation method.

Constant variation method is a method for
finding the general solution of ordinary
differential equations developed by French

mathematician Lagrange after 11 years of
research [6], This method solves the problem of
finding the general solution of the first order
linear non-homogeneous differential equation,
and provides a theoretical basis for the study of
other kinds of differential equations. Its main idea
is: first find the general solution of the
non-homogeneous linear differential equation
corresponding to the homogeneous equation,
replace the constant coefficient in the general
solution with the undetermined function, assume
that the replaced formula is the solution of the
original equation, and then replace it back to the
original equation to find the analytical formula of
the undetermined function, so as to obtain the
general solution of this kind of non-homogeneous
linear differential equation [7-8] . The essence of

this method is a special variable substitution
method, which can be extended to higher-order
differential equations and systems of differential
equations.

I1.  MAIN RESULTS

2.1Application of constant variation method to
second order linear differential equations with
constant coefficients
Consider the following second order
nonhomogeneous linear differential equations
with constant coefficients
y'+py'+ay="1(x) @
The corresponding homogeneous equation is
y'+py'+ay=0 (2

Its characteristic equation is
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r’+pr+gq=0 ®)

If the two linearly independent solutions of
equation (2) are known to be X;(t) and X, (t),
the general solution of equation (2) can be
expressed as Y =CX/(t)+C,x,(t) . By
usingconstant variation method, let the general
solution of equation Q) be

y =C,(t)x (t) +C,(t)X,(t), substitute it into
the original equation to obtain C,(t),C,(t), and
then obtain the general solution.Remarkl.If a
is the real root of equation (3), then Yy = ce®™ is
the solution of equation (2). Let a special solution
of equation (1) be y = ¢(x)e®, and substitute it
into the original equation to obtain
c"(x)+ (2a+ p)c'(x) =e*f(x)
By solving the above equation

c(x) = [ &P ([ P £ (x)ax) fix

Then we obtain

y=e*| [e-@a**’“( feemxs (x)dx)]dx
Remark2.1f @ is the complex root of equation
(3), it is advisable to set a=m+ni
(mneR,n=0) so y=e™sinnx is the

solution of equation (2). According to constant
variation method, a special solution of equation

(1) can be set as y=c(x)e™sinnx ,
substituted into the original equation to calculate
c(x), and then a special solution of equation (1)
can be obtained as

y =e™sinnx

g @mP)x( Ie(mmx f (x)sin nxdx)
dx

|
sin’ nx

2.2Application of constant variation method to
second order linear differential equations with
variable coefficients

Consider a second order nonhomogeneous
linear differential equation with variable
coefficients

y'+p(x)y'+a(x)y=f(x) @

If equation (4) has a special solution Y, , by the

method of variation of constant, let
y* =c(X)y, then

y' =c'(x)y, +c(X)y, -

y" =c"(Q)y, +C'(x)y, +C'(¥)y, +c(x)y,’

14

Substituting y*',y* into equation

Y+ p(X)y' +q(x) = f(X) yields
" ()Y, +[P() Y, + 2y, Ic'(x)
+y," + Py, +a()y,Je(x) = f(x)

It can be seen from section 2.1
Y, + Py, +9(x)y; =0
therefore
c"(X)y, +[P(X)y, + 2y, Ic'(x) = f(x)
Divide both sides of the equation by Y,

. 2y, 1 f(x)
c"(x) +[p(x) +=+]c'(x) =
1 1
Then C'(X) can be calculated according to
the general solution formula

Ip(x)dx (x)dx
c(x)= I Iylf (x)eIp dx dx
i.e.
Ip(x)dx
* e X X
y :le‘ _[ylf(x) Ip( : X

Thus, the general solution is

1 —[px)ox
y:cly1+c2ylj—2e Je dx

fp(x)dx jp(x)dx
Y | S [y (00e

2.3Application of constant variation method in
N -order nonhomogeneous linear differential
equations

Consider  the  following N -order
nonhomogeneous linear differential equations

d d " Dx

X +a(t) —— D + +a, (t)x=f(t)®)
where ai (t) 1=12,---,n) and f(t) are
continuous functionson a<t<Db.

If f(t)=0, the N -order homogeneous

linear differential equation corresponding to
equation (5) is obtained
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d"x d " Vx

o +a(t) =) +---4+a,(t)x=0(6)
Definition1Error! Reference source not
found.The determinants of k differentiable
k —1 degree functions X (t), X,(t),---, X, (t)

defined on interval a<t<b are called the
Wronskian determinants of these functions such
as

W () =W [%,(t), X, ()., X, (t)]

X, (t) X)) o % ()

_| X %'® X (t)
&@Wo &@Wo n“%b

Let X (t),X,(t),---,x,(t) be N linearly

independent solutions of equation (6), so the
general solution of equation (6) is

X = €% (t) + C,%, (1) +-+-+ ¢, X, (1) (7)
By using constant variation method, replace
¢ (i=12,--,n) with ¢;(t) (i=12---n),
then we have
X=C, ()X (t)+C, (1) X, (t)+---+c, (t)x,(t)
(8)

By substituting it into equation (5), an equation
satisfied by  C,(t),C,(t),---,c,(t) s
obtained In order to find
c.(t),c,(t),,c,(t) , the other n-1

constraints need to be found. By differentiating
t

X' = € (1)% (8) +€, ()%, (1) +---+C, (1), ()X
+C, (1) %, (1) + ¢, ()%, (t) +---+¢, (1) x, (1)
Let

¢, ()%, (1) +¢, ()%, (t) ++--+¢, (t)x,(t) =0

we obtain

X' = (1) (1) + ¢, (1), (£) +---+ ¢, ()X, (1)
therefore

X" = ¢y (1), (1) + G, ()X, (1) + -
+¢, ()%, (O)x +c, (t)x/(t)

+C, (1%, (£) +-+-+¢, (D)X, (t)
Let

¢ (D)% (1) +¢, (0%, (1) +-+-
+c(t)x, (1) =0
we can obtain
X" = ¢, (£)%,"(t) + ¢, ()%, (t) +---
+c, () "(t)

Continue the above steps, and we get the
n—1 condition

¢, (%2 (1) +¢, ()% P (X)) +---
+c, ()x "2 () =0
and
X" = ¢, ()% " () + ¢, ()%, (X) + - -
+c, (t)x ")
Finally, by differentiatingt , we can get
X" = ¢, ()%™ (1) + ¢, ()%, () +---

+¢, (0%, @)+, )% (1)

6/ O W)+ ¢ (0%, ()
Now we substitute x’, x" ---,x(" into (17) and

combine that X, (t), X,(t),---,x,(t) is a

linearly independent solution of equation (6), we
can obtain

¢, ()X () +c, ()%, "V (t) +---
+¢, (0x," (1) = (1)
Therefore we have
¢, ()% (t) +¢, ()X, (1) +--+c, (t)x,(t) =0
¢, ()% (1) +¢, ()%, (t) +---+¢, ()x, () =0

¢, ()X "V (t) +c, ()X, ")+

+c, ()x P (t) = (1)

The coefficient determinant of this system of
equations W (t);tO, that is, the equations has
only a unique solution, which can be obtained by

letting ci'(t) = (t) (i=12,---,n)
¢ =[o®dt+7, VyneR
i=12,---,n

Substitute  C;(t) into (8) to obtain the
solution of equation (5) as
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K= 270+ XX O a0ct

where 7, (i =1,2,---,n) are constants.
2.4 Application of constant variation method
to linear differential equations

Consider nonhomogeneous linear differential
equations

X' =A()x+ f(t) (9
where A(t) is a known continuous matrix on
interval a<t<b, and f(t) is a known

dimensional continuous column vector on
intervala <t <b.

When f(t)=0, the homogeneous linear

differential equations corresponding to equation
(9) are obtained

X" = A(t) X (10)
If @(t) is the solution of (10), let
o(t) =@(t)c(t) be the solution of (9) and

substitute it into (9) by using constant variation
method, we obtain

P(t)c’(t) + @' (t)e(t) = At)g(t)c(t) + f(1)
with @'(t) = A(t)@(t) ,.we have
p(t)c'(t) = f(1)
Multiply the left and right ends of the equation
by ¢’1 (t) . and then integrate to get

o(t) = L: ¢7(s)F(s)ds,t,,t [a,b]

where C(t,) = 0 .Therefore we get

o(t) = 4(t) j; ¢7(s) F(s)ds,t,,t [a,b] (11)

The formula (11) is a constant variation
formula of non-homogeneous linear differential
equations (9).

1.  EXAMPLES

ExamplelGiven that a basic solution group of
homogeneous  equation  corresponding  to
differential equation
d’x ., dx
t?———2t—+2x=2t°
dt dt

is X, =t,X, =t?, find the general solution of the

equation.

Solution:From the problem, we know that a basic
solution group of the homogeneous equation
corresponding to the original equation is

X, =t, X, =t*, we can obtain

N CCRACIaC
X (O)x, (1) L 2t
0 X, (t
W, =| f (t) 2()—0 t2—2t3
Ll %) ()] T
a(t) , (O] 2t 2t
x® 0|
W = ' f )= =2t2
Tl ‘1 2t
ay(t)
therefore,we obtain
M =-2t Vﬁ =2
W "W
Thus

j\%dt :j—2tdt =t

j‘%dt:jZdt:Zt

So the general solution of the original
equation is

X(t) = icixi 0+ Zz:xi o] \%dt

=ct+ct’ —t-t?+1%-2t
=ct+c,t’ +t°
where C;, C, are constants.

Example2Find  the  solution  @(t) of
X'= Ax+ f(t) satisfying the initial value

o(0) = [_1]] , where

2 1 sint
A:{O 2}’f(t):{cost}

Solution:With
Lo [2e? e 4 2te?
¢'(t) = ot
0 2e

_2 1 e2t te2t

lo 2}{0 e”}
21

|s 2}¢(t)=A¢(t)
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and|@(t)| =e" =0, so

2t 2t
e te
w2 ¥
is the basic solution matrix of X' = AX.

By using constant variation method, let the
solution is @(t) = @(t)c(t) .And with

g(t)c'(t) = (1)

i.e.
{e” tezt} c/(t) | |e™c/(t)+te’c, (1)
2t ' - '
0 e ¢/t | €%,
[ sint
| cost

Wwe can obtain
¢, (t) =e *(sint —tcost)

c, (t) =e* cost

So the nonhomogeneous equation has a
solution

@(t) = p(t)c(t)

(c,+c,t)e* ~ 2 cost— B ing
25 25

1. 2
c,e” +=sint—=cost
5 5

where C,, C, are constants.
When the initial value condition

1 27 3
¢’(0)=[_J, 01:2—5,C2:—g can be

obtained, so there is a special solution
o(t)

i(—ZCost —14sint) AL e
25 25 5

lsint—zcost—ge2t
5 5 5

IV. CONCLUSION

Constant variation methodplays a very
important role in the course of ordinary
differential equations. It is very practical. In
addition, when this method is used to solve
high-order differential equations or equations, it
broadens the idea of solving problems in a certain
range. Although the amount of calculation is large,

the theory is not difficult to understand, and it
also plays a great role in improving our
mathematical thinking ability.
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