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TheJacobsthalnumbers jnareterms of thesequence
{0,1,1,3,5,11, } ,definedbytherecurrencerelation
J,=1J,1+2],, beginningwiththevalues

=0, j=1
theJacobsthalLucasnumbers C areterms of

thesequence {2,1,5,7 17, }

definedbytherecurrencerelation C, =C, , +2C, ,

Similarly,

beginningwiththevalues (C, =2, ¢, =1) in [1].

Andtherelationbetweenthesesequencesaregiven as
JacobsthalLucassequence as

C,= 2 jn—l + jn+1
9 J 2Cn—l + Cn+l

n=

TherearemanypapersaboutJacobsthalandJacobsthal
Lucasnumbers in thelastdecadeyears.
Forexampleyou can canfind in thereferences [1-6].
TheauthorsgaveformulasforFibonacciandLucassequ
ences at negativeindices in [13].
SimilarlyDasdemirextendedMersenne,
JacobsthalandJacobsthalLucastotheirtermswithnega
tivesubscriptsandfoundsomeimportantrelationships
in [14]. JacobsthalandJacobsthalLucasnumbers at
negativeindicesareobtainedbyusingthefollowingequ
alities:

First Jacobsthalnumbers at negativeindicesare
jo 1 =12, oo =(-L)/4, j. 3 =38, ., =-5/16,
j- 5 =11/32, j- 6 =-21/64. First
JacobsthalLucasnumbers at
negativeindicesarec_ ; =-1/2, Cc_ , =b5/4,c_ 5 =-
7/8,c. 4 =17/16, c_ 5 =-31/32, j_ ¢ =65/64.

Therearemanygeneralizations on thesesequences.
Forexample, (s,t)-Jacobsthaland (s,1)-
JacobsthalLucassequencesaredefinedbyusingthefoll
owingrecurrencerelations

jn(S,t): Jn,l(S,t)+2jn72(S,t), jO(S,t):O, j1(51t):1
C(St)=C ,(St)+2¢, ,(St),c(st)=2, c(st)=s

wheregsgz t#0 ands*+8t>0 respectively in [2]. (s,t)-
Jacobsthaland  (s,t)-JacobsthalLucassequences at
negat@@)ndlces can be given as

Sj—n+l( S,t ) - j—n+2( S,t )

_(s,t)=

Ja(sit) 5

Cfn(S,t)I SC7n+1(S,t)—C7n+2(S,t)
2t

Matrixalgebraplays an important role in thetheory
of specialintegersequences. So, in [7], Williams
studiedthenthpower of a 2x2 matrix.
BergumandHoggattinvestigatedthesumsandproduct
sforrecurringsequences in [8]. Laughlin,
studiedcombinatorialidentitiesderivingfromthenthp
ower of somematrices in [9,10].
ThenBerachirfoundIinearrecurrentsequencesandpo
wers a squarematrix in [11].

({jt:jeauthorsderlvedcomblnatorlalldentltlesbyusm
gtK ace, the determinant andthenthpower of a
specialmatrixwhoseentriesaregeneralizedFibonacci

arﬂé_ casnumbers in [12].
B

tformulaenables us
tostateJacobsthalandJacobsthalLucasnumberseasily
It can be
clearlyobtaunedfromtherootsr1 =2andr, =-1 of
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characteristicequationof  therecurrencerelation as
the form x2=x+2.
TheBinetformulasforJacobsthalandJacobsthalLucas
numbersnumbersaregivenby

A
I =

n-nrn

C,=1"+1,

In [7], Williams, gave a well-knownformulathatif

-l
A= .then
c d

Xn _ Xn rn—l _ r.n—l
A, X2,
A'=9X —X, -,

nX""A-(n-1)det(A)x"?, X =X,

; ; 2 -19n-1
Loyl =) 0= (—1)n 2"

2 n-1~n-1
C(ni1)C(n1) =C =(-1)""2
2J—(n+1) t L) =Ca

2C—(n+1) + C—(n—l) :9 J—n

Proposition 2:In [14],
negativeindicesaredemonstratedby

X1 X2 beingtheroots of
theassociatedcharacteristicequation of thematrixA

r’—(a+d)r+det(A)=0.
Laughlin, in [9,10] gaveif A is a 2x2 matrix as

a b
A= { q } thenthenthpower of A is givenby
C

Al — |:Xn - an—l bXn—l :|
CX, 1 Xy —aX, 4

i=0

BJ n—i n-2i i
where X =Z(i J(trA) (—detA)".

Proposition 1:In [14],
JacobsthalandJacobsthalLucasnumbers at
negativeindicesaresatisfiedthefollowingidentities:

(6)
(7)
(8)
(9)

D'OcagnepropertiesforJacobsthalandJacobsthalLucasnumbers at

Vmety o = Fombory = (1277 oy (10)
C_(m)Con ~ConCiiniy) = 9(_1)n27n71 j_( m-n) (11)
Cp Jnyy™ Coprogydon =(=1)"27"c (12)
JeCny= JaCa=(-1)"27"c, (13)
Theorem 3: Let us consider a specialmatrix as follows
5 -1
B (14)

Thenthpower of J is calculatedbyusingJacobsthalsequencesandJacobsthallLucassequences at negativeindices as
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5 .
grogr| e , n is even (15)
ZJ—n J—(n—l)
2C:—(nJrl) C—n -
"~ (6"/3) . n s odd (16)
2C—n C—(n—l)

Proof:Forn=0, thestatement is true. Let us it is trueforallk<n, and n is even. Thenforn=k+1,
weinvestigatethetruthness of theclaim.

J n+l _ 6n 2j7€n+1) . jfn |: 5 —1j|
20 Qw2 4

Forthe (1,1) element of J"**

] ( 1)n+2 (_1)n+1 ) ( 1)”+2
J"=6" |:1O on+l J(n+1)_2?1n =2.6" on+l (51(n+1)+21)

(_1)n+2

n n

=2.6 {? Cn+2:| =2.6°(2¢ (5.5))

Theotherelements is obtainedbyusing a similarway. Nowassumen is odd

o g3 2¢ 4 C, 5 -1
~ ) 2C—n C—( n-1) -2 4

Forthe (1,1) element of J"™

n+1 n n+1
(6"/3){10(;—21%—2%%}:2“.3”-{&(5 2 )}

2n+l

( 1)n+1

n+1 An-1 n+l :

=2""3 T 9000 |26 ) 0y
Theotherelements is obtainedbyusing a similarway.

Theorem 4: Forpositiveintegersn, explicitclosed form

expressionsforJacobsthalsequencesandJacobsthalLucassequences at negativeindicesaregiven as
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. FTAJ n—-1-k ) )

=2 ) 3TN (_1) if n is even
k=0

k=0

Vﬂ(nlk

c =Y ) j9”‘1‘2"2"‘”(—1)k”, if n is odd

Proof:Byusing (5-9), thenthpower of J is

n n Xn - 4'Xn—l _Xn—l
J"'=6
—2X. 4 X, —5X, 4

EJ n—i) . . : EJ n—i) . , _ _ _
where X, = | . 9" (-18) = Y |. 9"'(-2)" . Bytheequality of correspondingentries of
|

i=0\ | i=0

2

n-1

: { J n—1-i
1,2), ifn is an evennumberand | & =— )
i=0

L ,
_ JQZ 27"(=1)" ifn is  oddnumber
|

. JEJUM

i=0

LS
]9 2 2i—n(_1)i+l ]
|
Theorem 5: Forn,kpositivenumbers

k-1
jfnk = jfnci—(;1 % (l |

}nZiZ"i(—l)i, if nk are even

k-1

Doy
C—nk = JE;lC_n32k—2 22: ( jg—lz—nl(_l)wl j_—ﬁl’ |f n,k are Odd

i=0 \ I

7]
k-1-i\., .
ja=3" 5", i (i jj_ﬁ'Z”'g'(—l)', if nisodd,k iseven

i=0

. . Vﬂ(k—l—i
L = ) Z

. )ckgl‘z‘Z‘"@-‘(—l)i, if kisodd,n iseven
i=0 \ |

Proof:Ifn is an evennumber. thekthpower of thematrixJ" is demonstratedby
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Xy -6" j—(n—l)xk—l 6" j—nxk—l
J nk — 1
2.6" jfnxk—l X ~2"g 2 jf(n+l)Xk—l
k
bJ k=i n i nk-2i o
where X, = > : ((—18)")'c®, since by (6), (8) as

det(3")=2""9"| | (pu1)J oy = i |=(-18) andtr(3")=2j 1)+ j o1y =C,. In (15

thesubstitutionfor-n —-nk,,givesthenk.th power of J. Bytheequality of correspondingentries of thematrices,
thedesiredresult is obtained.
Ifn is an oddnumber

J nk _ Xy _2n3n_lc—(n—1)xk—1 2nk3n_lc—nxk—1
2n+13n—1 C,nxk,l Xk _ 2n+13n—lci( n+1)Xk,1
k
bJ k—i ni gk—2i ~k—2i
where X, = > . (—18)™9" "¢’ ' because of (), 9),
i=0\ |

2n+lgn-1 2 -
det(J")=2°""9"*[ C_(11/C (1) —Cy | =~(—18)"and tr(3")=2C (1) +C (1) =91,
Theresult is obtainedbytheequality of thematrices.

Corollary 6:Byusingmatrixproduct, thefollowingidentitiesaredenoted
2]—(n+l).l—m + J—n J—(m—l) = J—(n+m)’ m’n are even

2C (41yCom TCoC(may =9 (nmy» M,n are odd
2§ (ne1)Com + JonC(ma) =Cpemys M is 0dd,n is even
2] (me1yCon * JonCno1) =C_(nem)» N is 0dd,mis even

Proof: ,Ifm, nareevennumbers, thenm+nis alsoevennumber. ByTheorem 3, it is satisfied:

J mJ n_ 6m+n 2 j—( m+1) j—m 2 j—( n+1) j—n
2 j—m j—( m-1) 2 j—n j—( n-1)
— ] men _ 6m+n |:2 jj(m+n+l) -j—( m+n) :|
2 J—( m+n) J—( m+n-1)

Bytheequality of (2,1) elements of matrices, theresult is obtained. Theotherresultsarealsofoundbysimilarway.

Corollary 7:Byusingmatrixproduct
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2§ miyden + Imdognen) =27 lgmn)»  M,N are even
.
_ZC—(mu)Cfn +C nCniy = 9.2 J(m-ny, M,nare odd
-n
2] (me)Con T JmCo(niny =?C_(m_n), nis odd,m is even
. . N . .

~2C_(miyJon TCn i (ni) =2 "C oy, M is 0dd,n is even

Proof:Ifm, nareevennumbers, thenm+n is alsoevennumber. ByTheorem 3, it is satisfied:

I L ; 2loy
2J—m J—(m—l) (_18) _Zj—n J—(n+1)

— J m-n _ 6m_n 2 jt(m—n+1) -j—( m-n)
2 J—( m-n) J—( m-n-1)

Bytheequality of (2,1) elements of matrices, theresult is obtained. Theotherresultsarealsofoundsimilarly.

Theorem 8:Let us assumethatn,r,karepositiveintegers, thefollowingidentitiesaresatisfied:

Fork, n,reven

—%{ki‘jw(zw‘ O

L (wer) = %[k . ij(—l)i (2)" (i) (cr —% ;f(J) J |

e = Q(k N SICHORE [jr kk—zfj

For n, r even, k odd

e —%[ﬂ“j(—ﬂ 2" (c.) {J KB e J

For n,r odd, k even
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For k, r odd, n even

C e = @(k.“]w (2)"(c.) [ kk—ZMJ

i=0 | C

n

For k, n odd, r even

€ per) = Q[k N ij(—l)i (2)™ 9 ()™ [J —% C9<J> J

i=0 |
For k, n even, r odd

TE %{k.iju)' "o o, A

i=0 | C

n

Proof: Assumethatn,k,revenintegers, thennk+ris even. ByusingTheorem 3, it is obtainedthat

J nk+r _ 6nk+r 2 J—(nk+r+1) J_(“k”)
2 J—( 2 j—(nk+r—l)

Thenby(5), it is writtenthat

3% —(3m) 0 =6’ P RO (S ) O 20y AT
2.6" j—n Yia Yo — 2.6" j_(n+l)ykfl 2j =T jf(r—l)

nk+r)

where y, = %J(k _ iJ(G”C_n )k_Zi (—(—18)n )i .Bytheequality of matrices

i=0 |

6" [( Y —6" j_(n_l) yk—l) b +6" Yy j_(r—l):| =6"" J- (ko)

Aftersomealgebraicoperation
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Fortheotherproofs a similarway is used.

%J[k.—i] (1) 2 (C_n)kz[j_r_kk—_zii ci j‘(z”fr)}
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